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CONTINUITY OF THE SPECTRUM OF A FIELD OF SELF-ADJOINT
OPERATORS
SIEGFRIED BECKUS, JEAN BELLISSARD
Abstract. Given a family of self-adjoint operators (At)t∈T indexed by a parameter t in some
topological space T , necessary and sufficient conditions are given for the spectrum σ(At) to
be Vietoris continuous with respect to t. Equivalently the boundaries and the gap edges are
continuous in t. If (T, d) is a complete metric space with metric d, these conditions are extended
to guarantee Ho¨lder continuity of the spectral boundaries and of the spectral gap edges. As a
corollary, an upper bound is provided for the size of closing gaps.
1. Introduction
Given a family of self-adjoint operators (At)t∈T indexed by a parameter t in some topological
space T , what conditions are needed for this family to insure that the spectrum σ(At) varies
continuously with t ? In this work we provide an answer using analytic methods.
This problem is usually solved by using continuous fields of Banach spaces, in particular of
Hilbert spaces and C∗-algebras. This concept, initially proposed by Tomiyama [29, 30], was
further developed by Dixmier and Douady [13]. A suggested reference on this topics is the
book by Dixmier [14]. Unlike fiber bundles, a continuous field of Banach spaces may have
pairwise non isomorphic fibers. The field of irrational rotation algebras over the interval [0, 1] is
a typical example [27]. Nevertheless one of the most powerful consequences of the continuity is
that a continuous field of normal elements of a field of C∗-algebras admits a spectrum varying
continuously with the parameter. In this work we seek to help clarify why this occurs. Moreover,
we provide a proof of the result without the machinery of continuous fields of C∗-algebras.
1.1. An Example: the Almost Mathieu Operator. To illustrate the main difficulty, let
Ht, where t ∈ [0, 1] = T , be the Almost Mathieu model acting on H = `2(Z) as follows
(1) Htψ(n) = ψ(n+ 1) + ψ(n− 1) + 2µ cos 2pi(nt+ θ)ψ(n) , ψ ∈ `2(Z) , n ∈ Z.
In this definition θ is a fixed parameter and µ > 0. It is clear that Ht is strongly continuous in
t ∈ T . On the other hand, if t 6= s are irrational and rationally independent, it is easy to check
that ‖Ht −Hs‖ = 2µ, so that this family is not norm continuous. However, it has been shown
[1, 9] that the norm of ‖p(Ht)‖ is (Lipschitz) continuous in t for each polynomial p and it was
deduced from this that the gap edges of the spectrum of Ht were also (Lipschitz) continuous
as long as the gap does not close. Near the points where a gap closes, the gap edges are only
Ho¨lder continuous of exponent 1/2, c.f. [26, 21].
1.2. Main Results. The general formulation of the problem requires the following assumptions:
F1) T is a topological space.
F2) Ht is a Hilbert space for each t ∈ T .
F3) For each t ∈ T , At is a linear, possibly unbounded, self-adjoint operator on Ht.
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The familyH = (Ht)t∈T meeting the assumption [F2] is called a field of Hilbert spaces. Similarly,
a family A = (At)t∈T satisfying the assumption [F3] is called a field of self-adjoint operators.
Definition 1. Under the assumptions [F1-F3] above, a field A of self-adjoint, bounded operators
is called p2-continuous if the maps Φp : t ∈ T 7→ ‖p(At)‖ are continuous whenever p is a
polynomial in one variable with real coefficients and degree at most 2.
The spectrum of a normal closed operator is given by a closed subset of the complex plane.
If the operator is self-adjoint its spectrum is a closed subset of the real line. Consequently, in
order to describe the continuity of the spectrum, one needs a topology on the set C(X) of closed
subsets of a given topological Hausdorff space X. Such topologies are also known under the
names of hyperspace or hit-and-miss topology [10, 23]. It seems that the first example of such
a topology was provided by the Hausdorff metric in [18] (see English versions in [19, 20]; see
also [22, 24, 11, 2]), whenever X is a complete metric space. In 1922, Vietoris [31] (see also
[11]) proposed such a topology for any topological space X. He showed that if X is a complete
metric space, then his topology coincides with the one defined by the Hausdorff metric. In 1962,
Fell [15] defined a slightly different topology for which C(X) is always compact but not always
Hausdorff, unless X is locally compact. The Fell and the Vietoris topologies coincide if X is
compact and Hausdorff.
The first main result is the following.
Theorem 1. Let A = (At)t∈T be a family of self-adjoint, bounded operators satisfying the
assumptions [F1-F3]. Then the following are equivalent:
(i) the spectrum σ(At) is a Vietoris continuous function of t,
(ii) the spectral edges are continuous,
(iii) the field A is p2-continuous.
The precise concept of spectral edges is described in Section 2.4. The previous result is valid
only for fields of bounded self-adjoint operators. What about unbounded ones?
Definition 2. Let A = (At)t∈T be a field of (not necessarily bounded) self-adjoint operators over
T . Such a field will be called R-continuous if the norm of its resolvent is continuous. Precisely,
this means that for every z ∈ C \ R, the map t ∈ T 7→ ‖(z −At)−1‖ ∈ [0,∞) is continuous.
Theorem 2. Let A = (At)t∈T be a field of self-adjoint operators. Then the following are
equivalent
(i) A is R-continuous,
(ii) the spectrum σ(At) is Fell continuous,
(iii) the spectral edges are continuous.
Such results can be made more quantitative if a metric is introduced to describe the topology
of T . Let (X, dX) and (Y, dY ) be complete metric spaces. For α > 0, a function f : X → Y is
called α-Ho¨lder whenever
Holα(f) = sup
x 6=y
dY (f(x), f(y))
dX(x, y)α
<∞ .
A family F of α-Ho¨lder functions from X → Y is called uniformly α-Ho¨lder if Holα(F) =
supf∈F Hol
α(f) < ∞. Given M > 0 let P2(M) be the set of polynomials of the form p(z) =
p0 + p1z + p2z
2 with pi ∈ R and ‖p‖1 = |p0|+ |p1|+ |p2| ≤M .
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Definition 3. Let [F1-F3] hold with (T, d) a complete metric space. The field A of self-adjoint
bounded operators is called p2-α-Ho¨lder continuous whenever, for all M > 0, the maps Φp : t ∈
T 7→ ‖p(At)‖, p ∈ P2(M), are uniformly α-Ho¨lder.
Remark 1. Lipschitz continuity corresponds to α = 1. 2
Theorem 1 indicates that a quantitative control on the norms provides an estimate on the
behavior of the spectrum and conversely. This result can be expressed as follows.
Theorem 3. Let [F1-F3] hold with (T, d) a complete metric space. Let A = (At)t∈T be a family
of self-adjoint, bounded operators such that supt∈T ‖At‖ <∞.
(i) If A is a p2-α-Ho¨lder continuous field then the spectrum σ(At) is α/2-Ho¨lder continuous
with respect to the Hausdorff metric.
(ii) If the spectrum σ(At) is α-Ho¨lder continuous with respect to the Hausdorff metric then
A is a p2-α-Ho¨lder continuous field.
The change in the Ho¨lder exponent in statement (i) is coming from the possible closing of a
gap at some point t0 ∈ T . An example can be found in the spectrum of the Almost Mathieu
model (eq. (1)) at the spectral value c = 0 whenever t = 1/2 [3]. Indeed, near the value t = 1/2
many gaps have width O(
√|t− 1/2|) [26], while the field (Ht)t∈T is p2-Lipschitz continuous [9].
It follows that the proof of this theorem requires a precise definition of gap and gap edges, as
well as the concept of gap closing. While the intuitive definition of the gaps and gap edges are
actually correct, the definition of gap closing is more subtle that it looks at first and it requires
some technicalities. This is explained in Section 2.4. The previous result is made more precise
as follows.
Theorem 4. Let [F1-F3] hold with (T, d) a complete metric space. Let A = (At)t∈T be a family
of self-adjoint, bounded operators such that supt∈T ‖At‖ < ∞. If A is p2-α-Ho¨lder continuous
then the edges of a spectral gap of A are α-Ho¨lder continuous at t0 if this gap does not close at
t0.
It may happen that at some point t0 ∈ T a spectral gap of At closes at the spectral value c
called a gap tip. The precise definition of a closing gap and of its tip is given in Definition 6.
Such a gap tip will be called isolated if the distance of c from any gap in the spectrum of At0 is
positive.
Theorem 5. Let [F1-F3] hold with (T, d) a complete metric space. Let A = (At)t∈T be a p2-
α-Ho¨lder continuous field of bounded, self-adjoint operators such that supt∈T ‖At‖ <∞. If c is
an isolated gap tip of At0 then the widths of the gaps of At closing on c at t0 are α/2-Ho¨lder
continuous at t0.
If the gap tip is not isolated, it is possible to construct examples for which the width of the
closing gap can vanish as slowly as one wishes (see Section 3.4, Example 1).
The previous results apply as well for a field U = (Ut)t∈T of unitary operators.
Definition 4. Let U = (Ut)t∈T be a field of unitary operator. It will be called p-continuous at t0
whenever Φp : t ∈ T 7→ ‖p(Ut)‖ is continuous at t0 for all polynomial of the form p(z) = 1 + eıθz
where θ ∈ T. It will be called p-α-Ho¨lder, if in addition, this maps are α-Ho¨lder uniformly with
respect to θ.
Theorem 6. Let U = (Ut)t∈T be a field of unitary operator. Then Theorem 1 and Theorem 3
apply, provided p2-continuity is replaced by p-continuity.
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The proof of this results follows the same lines as for the self-adjoint case. It will be left to the
reader.
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2. Continuity
2.1. The Core Argument. The main argument can be phrased as follows. Let t0 ∈ T and let
(a, b) ⊂ R be a gap in the spectrum of A0 = At0 . Namely, a, b ∈ σ(A0) but (a, b) ∩ σ(A0) = ∅.
In order to prove that b becomes a continuous function of t near t0, let c be chosen close to
b in the gap, that is (a + b)/2 < c < b. Then (b − c)2 is the lowest point in the spectrum of
(A0 − c)2. If m > 0 is large enough so that (At − c)2 < m2 for t near t0, it follows that the
norm of m2 − (A0 − c)2 is precisely given by m2 − (b − c)2. This norm is continuous in t near
t0 by assumption. Following the argument above backward, it follows that, for any  satisfying
b − c >  > 0, there is a neighborhood U of t0 such that (c − , c + ) ∩ σ(At) = ∅ for t ∈ U
and there is bt ∈ σ(At) such that |bt − b| < . Such an idea can be expressed more precisely as
follows.
Lemma 1. Let A : H → H be a self-adjoint, linear, bounded operator on a Hilbert space H. Let
p denotes the polynomial defined by p(z) = m2 − z2 with m > ‖A‖. Then, if Br(x) denotes the
open ball centered at x with radius r,
(i) the inequality ‖p(A)‖ ≤ m2− r2, with m > r, holds if and only if Br(0)∩ σ(A) = ∅, and
(ii) the inequality ‖p(A)‖ > m2 − r2, with m > r holds if and only if Br(0) ∩ σ(A) 6= ∅.
Proof: The two statements are equivalent and only (i) will be proved. Since A is self-adjoint,
its spectrum is contained in the real line. Moreover, if q is any polynomial, σ(q(A)) = q(σ(A)).
It follows that p(λ) ≥ m2 − ‖A‖2 > 0 for λ ∈ σ(A).
Now Br(0) ∩ σ(A) = ∅ if and only if all λ ∈ σ(A) satisfy |λ| ≥ r, or, equivalently, m2 − λ2 ≤
m2 − r2. This is equivalent to ‖p(A)‖ = supλ∈σ(A){m2 − λ2} ≤ m2 − r2. 2
For a unitary operator the analogous result is expressed as follows (the proof is left to the
reader).
Lemma 2. Let U : H → H be a unitary, linear operator on a Hilbert space H and θ ∈ T. Then
for any r < 2, the inequality ‖1 + e−ıθU‖ ≤ √4− r2 holds if and only if Br(eıθ) ∩ σ(U) = ∅.
2.2. Topologies on the Set of Closed Subsets. Vietoris [31] introduced a topology on
the space of closed subsets of a topological space X which is described below (see also [11]).
Whenever X is a complete metric space, the topology defined by the Hausdorff metric [22, 11]
induces the Vietoris topology. If, furthermore, X is compact the Vietoris topology coincides
with the Fell topology [15].
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Here C(X) denotes the set of all closed subsets of X. For K ⊆ X closed and for F a finite family
of open subsets of X, let
U(K,F) := {F ∈ C(X) ; K ∩ F = ∅, F ∩O 6= ∅ for all O ∈ F} . (Hit-and-Miss)
Then W ⊂ C(X) is Vietoris open if it is a union of U(K,F)’s. The Fell topology is defined in
the same way provided the set K is required to be compact instead of closed. The spectrum
of a self-adjoint, bounded operator is a compact subset of R. For compact sets the Vietoris
continuity of the spectra is equivalent to the Fell continuity if restricted to a compact set. In
particular, (Ft)t∈T a family of compact sets is Vietoris continuous at t0 if and only if there is a
compact F ⊂ R and an open neighborhood U0 of t0 such that Ft ⊂ F for all t ∈ U0 and (Ft)t∈U0
is Fell continuous in C(F ). The fact that the spectra stays in a compact set F follows from the
p2-continuity as the operator norm is continuous. Let R be the completion of R with two points
±∞ at infinity. Then the following is an example of an application for the Vietoris topology
Proposition 1. The maps F ∈ C(R) 7→ supF ∈ R and F ∈ C(R) 7→ inf F ∈ R are Vietoris
continuous.
Proof: Since multiplication by −1 is Vietoris continuous, the Vietoris continuity of sup{·}
leads to Vietoris continuity of inf{·}. It is therefore sufficient to prove the Vietoris continuity of
sup{·}. Let F0 ∈ C(R) and let λ := supF0 be finite. Since F0 is closed, λ ∈ F0. For  > 0 let K
and O be defined as the closed subset K := [λ+ ,∞) and the open subset O := (λ− ,∞).
By construction, F0 ∈ U(K, {O}). Now, if F ∈ U(K, {O}), it follows that F ∩K = ∅ which
implies supF < λ+ . Moreover, since F ∩O 6= ∅, it follows that λ−  < supF . Consequently,
F ∈ U(K, {O}) implies | supF − supF0| < , proving the continuity at F0. If now supF0 =∞,
the same argument works with K = ∅ and Oc := (c,∞) for any c > 0. 2
As a reminder, a function f : X → Y between two topological spaces is called closed if the image
under f of any closed subset of X by f is closed in Y .
Proposition 2. (See [16]) Let X,Y be locally compact spaces and let f : X → Y be a continuous
closed function. Then, the map f̂ : F ∈ C(X) 7→ f(F ) ∈ C(Y ) is Vietoris continuous.
Proof: Since f is closed, the map f̂ is well defined. Let now K ⊂ Y be closed and let F
be a finite family of open subsets of Y . Hence U(K,F) is an open set in C(Y ). Let W =
U(f−1(K), f−1(F)). Since f is continuous, f−1(O) is open for any O ∈ F and f−1(K) is closed.
Hence W is an open set in C(X). Then F ∈ W means F ∩ f−1(K) = ∅ while F ∩ f−1(O) 6= ∅
for all O ∈ F . This implies that f(F ) ∩ K = ∅. For indeed otherwise, there would be an
x ∈ F with f(x) ∈ K, implying that x ∈ f−1(K), a contradiction. In addition, if O ∈ F
and if x ∈ F ∩ f−1(O) 6= ∅ then f(x) ∈ f(F ) ∩ O follows showing that f(F ) ∩ O 6= ∅. Hence
f̂(F ) ∈ U(K,F), which implies W ⊂ f̂−1(U(K,F)), namely, f̂ is continuous. 2
If (X, d) is a complete metric space it turns out that the Vietoris topology on C(X) coincides
with the topology induced by the Hausdorff metric [22, 24, 11, 2]. The Hausdorff metric dH
is defined as follows: if x ∈ X and A ⊂ X, then dist(x,A) = inf{d(x, y) ; y ∈ A}. Given
two subsets A,B ⊂ X, δ(A,B) is defined by δ(A,B) = supx∈A dist(x,B). Then the Hausdorff
distance of the two sets A,B is simply dH(A,B) = max{δ(A,B), δ(B,A)}. In general dH is only
a pseudo-metric on the set of all subsets of X. However if restricted to the set C(X) it becomes
a metric defining the Vietoris topology.
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2.3. Proof of Theorem 1. Let A = (At)t∈T be a field of self-adjoint, bounded operators
satsfying [F1-F3].
Lemma 3. If A = (At)t∈T is a p2-continuous field of self-adjoint, bounded operators, then the
map t ∈ T 7→ σ(At) ⊂ R is continuous in the Vietoris topology.
Proof: Let t0 ∈ T . By continuity of the norm ‖At‖ with respect to t, there is an open
neighborhood U0 of t0 such that if t ∈ U0 then ‖At‖ < ‖At0‖+ 1/2. Set c := ‖At0‖+ 1 so that,
for t ∈ U0, σ(At) ⊂ [−c,+c]. Let K ⊂ R be closed and F be a finite set of open subsets of R
chosen so that σ(At0) ∈ U(K,F). Let Kc := K ∩ [−c, c], which is compact. Since Kc and σ(At0)
are closed and since Kc ∩ σ(At0) = ∅, for any given x ∈ Kc, there exists an r(x) > 0 so that
Br(x)(x) ∩ σ(At0) = ∅. The family of (smaller) open balls {Br(x)/2(x) ; x ∈ Kc} covers Kc. By
compactness of Kc, there is a finite set {x1, · · · , xl} ⊂ Kc such that
Kc ⊂
l⋃
k=1
Brk/2(xk) , Brk(xk) ∩ σ(At0) = ∅ , rk := r(xk), k ∈ N .
Let now m be chosen so that 2 supt∈U0 ‖At‖+ supx∈Kc |x| < m. Using Lemma 1, the condition
Brk(xk)∩σ(At0) = ∅ is equivalent to ‖m2−(At0−xk)2‖ < m2−r2k. The p2-continuity implies that
there is an open neighborhood Uk of t0 such that for t ∈ Uk then ‖m2− (At−xk)2‖ < m2−r2k/4.
The set U =
⋂l
k=1 Uk∩U0 is open and contains t0. It follows from the previous bounds and from
Lemma 1, that, for t ∈ U , Brk/2(xk) ∩ σ(At) = ∅ for all k ∈ {1, 2, · · · , l} and σ(At) ∩Kc = ∅
implying K ∩ σ(At) = ∅.
Similarly, let O ∈ F . Since O ∩ σ(At0) 6= ∅, it follows that for any x ∈ O ∩ σ(At0) there is an
r(x) = r such that Br(x) ⊂ O (since O is open in R). Since x ∈ σ(At0), then |x| ≤ ‖At0‖ so that
‖At0 − x‖ ≤ 2‖At0‖ < m. Consequently, since Br/2(x) ⊂ O and x ∈ σ(At0), Lemma 1 implies
that ‖m2− (At0 −x)2‖ > m2− r2/4. Using the p2-continuity, there is an open neighborhood VO
of t0 in T such that for t ∈ VO the inequality ‖m2 − (At − x)2‖ > m2 − r2 holds. This leads to
O∩σ(At) ⊃ Br(x)∩σ(At) 6= ∅ for t ∈ VO. As the family F is finite, the intersection V =
⋂
O∈F VO
is open and contains t0. Using the first part of the proof, V ∩ U is an open neighborhood of t0
as well. Consequently, for t ∈ U ∩ V the spectrum of At satisfies σ(At) ∈ U(K,F). 2
Lemma 4. Let A = (At)t∈T be a field of self-adjoint, bounded operators satisfying the assump-
tions [F1-F3]. Let f : R → C be continuous and closed. If the spectrum map t ∈ T 7→ σ(At) is
Vietoris continuous, then the norm-map t ∈ T 7→ ‖f(At)‖ ∈ R+ is continuous.
Remark 2. Thanks to Lemma 4, A = (At)t∈T is p2-continuous if t ∈ T 7→ σ(At) is Vietoris
continuous since any polynomial p : R→ C is continuous and closed. 2
Proof: As At is self-adjoint and bounded, σ(At) is compact in R and f(σ(At)) = σ(f(At)) ⊂ C.
Moreover, f(At) is a normal operator, so that the Spectral Theorem applies. The norm map
can be seen as the composition of the following continuous maps
t 7→ σ(At) f̂7→ σ(f(At)) |·|7→ |σ(f(At))| sup7→ ‖f(At)‖ .
In this formula, the map | · | is nothing but ĝ if g : z ∈ C 7→ |z| ∈ [0,∞). The leftmost map
is continuous by assumption. Thanks to Proposition 2, the second and third maps on the left
(with X,Y = R or C) are continuous. At last Proposition 1 implies that the rightmost map is
continuous. 2
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2.4. Gaps and Edge Continuity.
Definition 5. Let F ⊂ R be closed. Any connected component of its complement is an open
interval. An edge of F is a boundary of such intervals. Such an interval is called a gap of F if
it is bounded.
It follows that a gap is an open interval (a, b) with a, b ∈ F , −∞ < a < b < +∞ and (a, b)∩F = ∅.
Then x ∈ R is called a gap edge of F if there exists a gap (a, b) of F such that either a = x or
b = x. In addition to the gap edges, the other edges of F are supF and inf F , which might be
±∞.
Definition 6. Let T be a topological space and let (Ft)t∈T be a family of closed subsets of R.
Given t0 ∈ T , a gap tip c of Ft0 is a point c ∈ Ft0 such that there is a non-empty set U ⊂ T
with t0 ∈ U \ U , and there are two functions a : t ∈ U 7→ at ∈ R and b : t ∈ U 7→ bt ∈ R such
that at < bt, limt→t0 at = limt→t0 bt = c and the interval (at, bt) is a gap of Ft.
A gap tip c of Ft0 is called isolated if there is δ > 0 such that (c− δ, c+ δ) ⊂ Ft0.
In the previous definition, the family (Ft)t∈T needs not be Vietoris continuous. In addition U
needs not be open either. Gap tips occur in various ways. For example, the Almost Mathieu
model (see eq. (1)) admits an isolated gap tip at t = 1/2 and at the spectral parameter c = 0 [3].
Similarly, the Kohmoto model, a model similar to the Almost Mathieu one, with the potential
Vt(n) = cos 2pi(nt+ θ) replaced by Vt(n) = χ[0,t)(nt + θ) (where χI denotes the characteristic
function of the interval I ⊂ T), admits gap tips at any rational values of t [25, 6], corresponding
to c being an isolated eigenvalue, namely c is the boundary of a left gap (a, c) and of a right one
(c, b)
Another way to describe the continuity of the spectrum consists in using the continuity of its
edges. This concept is a bit delicate, in particular because of the possibility of closing gaps
defined in (G3). Here is a definition,
Definition 7. Let T be a topological space and (Ft)t∈T be a family of compact subsets of R. Then
the gap edges of (Ft)t∈T are called continuous at t0 ∈ T if all of the three following assertions
hold.
(G1) The supremum t ∈ T 7→ supFt and the infimum t ∈ T 7→ inf Ft are continuous at t = t0.
(G2) Let (a, b) be a gap of Ft0 and  > 0 be arbitrary. Then there exists an open neighborhood
U := U(, a, b) of t0 such that for each t ∈ U there is a gap (at, bt) of Ft satisfying
|a− at| <  and |b− bt| < .
(G3) Let U ⊂ T be a subset such that t0 ∈ U \U . If there are maps a : U → R and b : U → R
such that (a) at < bt for t ∈ U , (b) (at, bt) is a gap of Ft for t ∈ U and (c) limt→t0 at = a,
limt→t0 bt = b, then (a, b) is a gap of Ft0 which is closed if a = b.
If the gap edges are continuous at any t0 ∈ T the gap edges are called continuous.
It is worth noticing that the set U in (G3) need not be open. This definition leads to the
following lemma
Lemma 5. Let T be a topological space and (Ft)t∈T be a family of closed subsets of R. If (Ft)t∈T
is Vietoris continuous then the gap edges of (Ft)t∈T are continuous.
Proof: (i) Let t0 ∈ T . Condition (G1) follows by Proposition 1.
(ii) Condition (G2): Let (a, b) be a gap of Ft0 , and let  > 0 satisfy (b − a)/2 >  > 0. Let
the following sets be defined: the two open sets Oa := (a − , a + ), Ob := (b − , b + ) and
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the closed set K := [a + , b − ]. Since (b − a)/2 > , the inequality a +  < b −  holds, and
so K is nonempty. By construction, U(K,F) is a neighborhood of Ft0 , where F := {Oa, Ob}.
Since (Ft)t∈T is Vietoris continuous, there exists an open neighborhood U ⊂ T of t0 such that
Ft ∈ U(K,F) for all t ∈ U . Then for t ∈ U , the maximum at := max{Oa∩Ft} and the minimum
bt := min{Ob∩Ft} exist, as the intersections are nonempty and Ft∩K = ∅. In particular, (at, bt)
is a gap of Ft. Since at ∈ Oa and bt ∈ Ob, the inequalities |a− at| <  and |b− bt| <  hold.
(iii) Let the hypothesis (G3) in Definition 7 hold. In such a case, a ∈ Ft0 . For otherwise,
there is an r > 0 such that U([a − r, a + r], {R}) is a neighborhood of Ft0 . Since lim at = a,
there is an open neighborhood V ⊂ T of t0 such that t ∈ V implies |at − a| < r/2, namely
Ft /∈ U([a− r, a+ r], {R}) if t ∈ V ∩U . Since t0 ∈ U , it follows that V ∩U is not empty. Hence
the family (Ft)t∈V cannot be continuous at t = t0. Similarly, b ∈ Ft0 .
If a = b, it follows from the Definition 6 that (a, b) is a gap tip of Ft0 . If a < b, the interval (a, b)
is a gap of Ft0 . If not, it follows that (a, b) ∩ Ft0 6= ∅. For indeed, let x ∈ (a, b) ∩ Ft0 and let
 > 0 be small enough so that x−a > 2 and b−x > 2. Then O = (x− , x+ ) ⊂ (a+ , b− ).
Hence Ft0 ∈ U(∅, {O}). Using the Vietoris continuity, there is an open neighborhood V1 of t0
such that for t ∈ V1, it holds that Ft ∈ U(∅, {O}). On the other hand, there is another open
neighborhood V2 of t0 such that t ∈ V2 ∩ U implies |at − a| <  and |bt − b| < . Since V1 ∩ V2
is a nonempty open set and since t0 ∈ U , it follows that V1 ∩ V2 ∩ U 6= ∅. On the other hand,
(at, bt) is a gap of Ft so that Ft ∩O 6= ∅ for t ∈ V1 ∩ V2 ∩ U , which is a contradiction. 2
Lemma 6. Let T be a topological space and (Ft)t∈T be a family of compact subsets of R. If the
gap edges are continuous then (Ft)t∈T is Vietoris continuous.
Proof: Let t0 ∈ T and define m := 1 + max{|maxFt0 |, |minFt0 |}. Let K be a closed subset
of R and F = {O1, . . . , On} be a finite family of open subsets of R such that Ft0 ∈ U(K,F). It
suffices to find a neighborhood W of t0 such that Ft ∈ U(K,F) for t ∈W .
Thanks to (G1), there is an open set U0 3 t0 such that both inf Ft, supFt belong to [−m,+m],
namely Ft ⊂ [−m,+m], for t ∈ U0.
Let Km = K ∩ [−m,+m]. Since Km ∩ Ft0 = ∅, for any x ∈ Km, there is an r(x) > 0 such that
Br(x)(x) ∩ Ft0 = ∅. By compactness there are x1, · · · , xl ∈ Km with r(xj) = rj such that
Km ⊂
l⋃
j=1
Brj/2(xj) , Brj (xj) ∩ Ft0 = ∅ , 1 ≤ j ≤ l .
If 1 ≤ j ≤ l is fixed, there is an open set Uj 3 t0 contained in U0, such that Ft∩Brj/2(xj) = ∅ for
t ∈ Uj . This follows from (G1) if either xj ≤ inf Ft0 or xj ≥ supFt0 . Whenever inf Ft0 < xj <
supFt0 , then there is a gap (a, b) of Ft0 containing Brj (xj). Using the condition (G2), Uj can
be chosen so that Ft admits a gap (at, bt) satisfying |a−at| < rj/2 and |b− bt| < rj/2 for t ∈ Uj .
Hence Brj/2(xj) ⊂ (at, bt) for t ∈ Uj , so that Ft ∩ Brj/2(xj) = ∅. Since Km is covered by the
balls Brj/2(xj) for 1 ≤ j ≤ l and Ft ⊆ [−m,+m] for t ∈ U0, the intersection UK =
⋂l
j=1 Uj ⊂ U0
is a nonempty open neighborhood of t0 such that K ∩ Ft = ∅ for t ∈ UK .
Let now O ∈ F . By assumption, there is x ∈ O ∩ Ft0 , in particular there is an r > 0 such that
Br(x) ⊂ O. Therefore there is an open set VO 3 t0 satisfying Ft∩O ⊇ Ft∩Br(x) 6= ∅ for t ∈ VO.
Indeed, if x is either inf Ft0 or supFt0 , this follows from (G1). Otherwise, suppose the contrary.
Then for each open set V 3 t0, there is tV ∈ V such that FtV ∩Br(x) = ∅. Let U denote the set
of all such tV ’s. By construction, t0 ∈ U \ U .
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Without loss of generality, r > 0 can be chosen so that Br(x) ⊂ O ∩ (inf Ft0 , supFt0). Thus
there is an  > 0 such that inf Ft0 +  < x − r < x + r < supFt0 − . Thanks to (G1), there is
an open set V0 ⊂ U0 containing t0 such that Ft ∩ [−m,x− r] and Ft ∩ [x+ r,+m] are nonempty
for t ∈ V0. If
at := sup {Ft ∩ [−m,x− r]} , bt := inf {Ft ∩ [x+ r,+m]} , t ∈ V0 ,
then at and bt are elements of Ft, while (at, bt)∩Ft = ∅ for t ∈ V0∩U . All limit points of the at’s
belong to [−m,x− r], and, similarly, all limit points of the bt’s belong to [x+ r,+m]. Choosing
a suitable subset U ′ ⊂ V0 ∩ U , we may assume that the limits
lim
t∈U ′;t→t0
at = a , lim
t∈U ′;t→t0
bt = b ,
exist. In particular a ≤ x − r and x + r ≤ b, so that (x − r, x + r) ⊂ (a, b). Then, thanks to
(G3), with U replaced by U ′, (a, b) is a gap of Ft0 . But this is a contradiction since x ∈ Ft0 .
Hence the open set VO exists.
Since F is a finite set, VF =
⋂
O∈F VO is an open neighborhood of t0 such that Ft ∩ O 6= ∅ for
O ∈ F and t ∈ VF . Hence W = UK ∩ VF is an open neighborhood of t0 such that Ft ∈ U(K,F)
for t ∈W . 2
2.5. Proof of Theorem 2. The main remark is the following: let z = x+ ıy with y 6= 0. Then,
if A is a self-adjoint linear operator on some Hilbert space∥∥∥∥ 1A− z
∥∥∥∥ = ∥∥∥∥ 1(A− x)2 + y2
∥∥∥∥1/2 .
If the spectrum of A admits a gap (a, b) and if (a + b)/2 < x < b, it follows from the Spectral
Theorem that
(2)
∥∥∥∥ 1A− z
∥∥∥∥ = ( 1(b− x)2 + y2
)1/2
.
Similarly if a < x < (a+ b)/2 the same argument links the norm of the resolvent to a.
If now (At)t∈T is an R-continuous field of self-adjoint operators, the continuity of the norm of the
resolvent and eq. (2) imply that the gap edges are continuous. A basis of the Fell topology on C
is given by the sets U(K,F) where K ⊆ C is a compact subset and F is a finite family of open
subsets of C. If a family of closed subsets (Ft)t∈T has continuous gap edges then (Ft)t∈T is Fell
continuous. This can be proven following the lines of the proof of Lemma 6. Conversely, if the
spectrum is Fell continuous, an adaption of Lemma 5 implies that the gap edges are continuous.
The R-continuity of the field (At)t∈T then follows from eq. (2).
3. Ho¨lder Continuity
The previous Section shows that a simple criterion permits to get continuity of the spectrum
of a field of self-adjoint operators. However, in many cases, continuity should be supplemented
by more quantitative estimates. Namely if approximating a self-adjoint operator by a family,
it is often necessary to control the speed of convergence. This can be done, for instance, if the
topological space T is equipped with a metric. In some cases the topological space T can be very
irregular, like a Cantor set or a fractal set. So a metric is really the minimal structure that can
be considered. In a metric space (X, d), which will always be assumed to be complete, a natural
set of functions is the space of Lipschitz continuous functions. But sometimes it is convenient
to consider Ho¨lder continuous functions instead.
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3.1. Metrics: a Reminder. Let (X, d) be a complete metric space. The metric d is called
an ultrametric whenever the triangle inequality is replaced by d(x, y) ≤ max{d(x, z), d(z, y)}. If
0 < α, let dα denote the function (x, y) ∈ X × X 7→ d(x, y)α. Then if α ≤ 1, the inequality
(a + b)α ≤ aα + bα, whenever a, b are non negative, implies that dα is a new metric. It defines
the same topology, since the balls are the same. If d is an ultrametric, and if Φ : [0,∞)→ [0,∞)
is monotone increasing such that Φ(0) = 0, then the function dΦ = Φ ◦ d is also an ultrametric
defining the same family of balls.
Given  > 0 an -path γ joining x to y, denoted by γ : x
→ y, is an ordered sequence (x0 =
x, x1, · · · , xn−1, xn = y) such that d(xk−1, xk) <  for 1 ≤ k ≤ n. The length of γ is `(γ) =∑n
k=1 d(xk−1, xk). The topological space X is connected if and only if, given any pair x, y ∈ X
and any  > 0, there is an -path joining them. The metric d is called a length metric whenever
d(x, y) coincides with the minimal length of paths (for any  > 0) joining x to y [17].
Given (X, dX) and (Y, dY ) two metric spaces, and given α > 0, a function f : X → Y is α-Ho¨lder
if there is a C > 0 such that dY (f(x), f(x
′)) ≤ CdX(x, x′)α for any pair of points x, x′ in X. It
follows that α-Ho¨lder functions are continuous. The Ho¨lder constant is defined as
Holα(f) = sup
x 6=x′
dY (f(x), f(x
′))
dX(x, x′)α
.
More generally this definition can be more local as follows [17]: if r > 0
Holαr (f)(x) = sup
x′;0<dX(x,x′)<r
dY (f(x), f(x
′))
dX(x, x′)α
, Holαr (f) = sup
x∈X
Holαr (f)(x) ≤ Holα(f) .
Clearly this quantity is a non decreasing function of r, so that the limit r → 0 exists and is
called the α-dilation of f at x:
dilα(f)(x) = lim
r↓0
Holαr (f)(x) , dil
α(f) = sup
x∈X
dilα(f)(x) ≤ Holα(f) .
For α = 1 Ho¨lder continuous functions are called Lipschitz, and Hol1 is denoted by Lip. If dX
is a length metric it follows that Lip(f) = dil(f) [17]. If dX is a length metric and α > 1 then
Holα(f) <∞ if and only if f is a constant function. However, there are spaces for which some
non constant functions are α-Ho¨lder continuous for some α > 1. In particular if X is a Cantor
set and dX an ultrametric the characteristic function of any clopen set is α-Ho¨lder for any α > 0.
In this Section, the topology of T is induced by a metric d for which it is complete. The real line
or the complex plane, or any of their subsets, will be endowed with the usual Euclidean metric.
If t0 ∈ T , the continuity of ‖At‖ implies that there is an open subset U0 containing t0 such that
supt∈U0 ‖At‖ < ∞. Replacing T by U0, if necessary, there is no loss of generality in assuming
that supt∈T ‖At‖ = m <∞. Thanks to Definition 3, given any M > 0 the following constant is
finite:
CM = sup{Holα(Φp) ; ‖p‖1 ≤M}.
3.2. Proof of Theorem 3. Equipped with the Hausdorff metric dH the space of closed subsets
C(X) is a metric space [11].
Proposition 3. Let (X, dX) and (Y, dY ) be two metric spaces and f : X → Y be a α-Ho¨lder
continuous closed function. Then, the map f̂ : F ∈ C(X) 7→ f(F ) ∈ C(Y ) is α-Ho¨lder continu-
ous.
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Proof: As mentioned in Proposition 2 the function f̂ is well defined since f is continuous and
closed. Let K,L ∈ C(X). A short computation leads to
dist(f(x), f(L)) = inf{dY (f(x), f(y)) ; y ∈ L} ≤ C inf{dX(x, y)α ; y ∈ L} = C dist(x, L)α.
Maximizing over x and exchanging the roles of K and L establishes the result. 2
Lemma 7. Let A = (At)t∈T be p2-α-Ho¨lder continuous field of self-adjoint, bounded operators
such that m := supt∈T ‖At‖ < ∞. Then the spectrum σ(At) is α/2-Ho¨lder continuous with
Ho¨lder constant less than
√
C4m2+2.
Proof: Let s, t ∈ T . According to the definition of the Hausdorff metric it suffices to show
dist(λ, σ(At)) ≤
√
C4m2+2 d(s, t)
α
2 for all λ ∈ σ(As). Without loss of generality suppose that
λ ∈ σ(As)\σ(At). Since λ ∈ σ(As), it follows that ‖4m2−(As−λ)2‖ = 4m2 and (At−λ)2 ≤ 4m2.
The polynomial p(z) = 4m2−(z−λ)2 has a norm ‖p‖1 = 1+2|λ|+4m2−λ2 = 4m2+2−(1−|λ|)2 ≤
4m2 + 2. Since λ 6∈ σ(At) the norm ‖p(At)‖ is exactly 4m2 − dist(λ, σ(At))2. Consequently,
dist(λ, σ(At))
2 =
∣∣‖p(At)‖ − ‖p(As)‖∣∣ ≤ C4m2+2 d(s, t)α .
2
For a self-adjoint, bounded operator A, the maximum max |σ(A)| is exactly ‖A‖. Let A =
(At)t∈T be a field of self-adjoint, bounded operators such that m := supt∈T ‖At‖ < ∞. Then
σ(At) is a subset of the compact subset [−m,m] for all t ∈ T .
Lemma 8. Let A = (At)t∈T be a field of self-adjoint, bounded operators such that m :=
supt∈T ‖At‖ <∞ and the assumptions [F1-F3] are satisfied. If the spectrum σ(At) is α-Ho¨lder
continuous with Ho¨lder constant C then A is a p2-α-Ho¨lder continuous field.
Proof: Let K := [−m,m] ⊆ R be the compact subset such that σ(At) ⊂ K for all t ∈ T . Any
polynomial p(z) = p0 +p1z+p2z
2 restricted to K is Lipschitz continuous with Lipschitz constant
|p1|+ 2m |p2|. Recall that the norm-map can be seen as the composition of the following maps
t 7→ σ(At) p̂7→ σ(p(At)) |·|7→ |σ(p(At))| max7→ ‖p(At)‖ .
The absolute value |·| : [−m,m]→ [0,m] and the max : K(R)→ R are both Lipschitz continuous
with Lipschitz constant 1, so that∣∣‖p(At)‖ − ‖p(As)‖∣∣ ≤ (|p1|+ 2m |p2|) dH(σ(As), σ(At)) ≤ (|p1|+ 2m |p2|)C d(s, t)α ,
for all s, t ∈ T by using Proposition 3. Hence the number CM = sup{Holα(Φp) ; ‖p‖1 ≤ M} is
finite proving that A is a p2-α-Ho¨lder continuous field. 2
3.3. Proof of Theorem 4.
Lemma 9. Let A = (At)t∈T be p2-α-Ho¨lder continuous such that m := supt∈T ‖At‖ < ∞.
Then the maximum t 7→ maxσ(At) and the minimum t 7→ minσ(At) are α-Ho¨lder with Ho¨lder
constant less than C1+m.
Proof: If at = inf σ(At) and bt = supσ(At) then the largest of them |at| ∨ |bt| coincides with
‖At‖ while the smallest c = |at| ∧ |bt| satisfies m − c = ‖m − At‖ leading immediately to the
result. 2
Lemma 10. Let A = (At)t∈T be p2-α-Ho¨lder continuous such that m := supt∈T ‖At‖ < ∞.
Then for an open gap gt0, the neighboring gaps gt satisfying limt→t0 gt = gt0 are α-Ho¨lder with
α-dilation less than 3C(4m2+2)/|gt0 | where |gt0 | denotes the gap width.
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Proof: Let t0 ∈ T . Let gt0 = (a, b) be a gap of σ(At0), so that −∞ < a < b < +∞ and
|gt0 | = b − a. Let gt0 be subdivided into six intervals of equal length r, and let c be the
point located at distance |gt0 |/3 from b. That is r = (b − a)/6 and c = a + 4r = b − 2r.
Due to Theorem 2, there is an open neighborhood U of t0 in T , such that for t ∈ U , the
spectrum of At has a gap (at, bt) with |at − a| < r and |bt − b| < r. This implies (i) bt − at =
bt − b + b − a + a − at > 6r − 2r = 4r > 0, (ii) bt − c = bt − b + b − c so that r < bt − c < 3r,
(iii) c − at = c − a + a − at > 4r − r = 3r. Consequently c is closer to bt than to at. Hence
if t ∈ U , the infimum of the spectrum of (At − c)2 is exactly (bt − c)2. Since c belongs to the
convex hull of σ(At), it follows that |c| ≤ ‖At‖ ≤ m, so that (bt − c)2 ≤ (At − c)2 ≤ 4m2. Thus
4m2 − (bt − c)2 = ‖4m2 − (At − c)2‖ whenever t ∈ U . The polynomial p(z) = 4m2 − (z − c)2
has a norm ‖p‖1 = 1 + 2|c|+ 4m2 − c2 = 2 + 4m2 − (1− |c|)2 ≤ 4m2 + 2. Hence, if s, t ∈ U , this
gives |‖p(At)‖ − ‖p(As)‖| = |(bt − c)2 − (bs − c)2| = |bt − bs||bt + bs − 2c|. With the help of the
inequality (ii) above, this leads to |bt + bs − 2c| > 2r. Consequently
s, t ∈ U ⇒ |bs − bt| ≤
3C(4m2+2)
(b− a) d(s, t)
α .
Since, in this argument, the size of U cannot be controlled, this estimate gives only an upper
bound on the α-dilation at t0 of the gap edge, independently of which gap edges is considered.
Changing c into a + 2r = b − 4r will replace bt by at, so that the same argument leads to the
same estimate for the dilation of the lower gap edge. 2
3.4. Proof of Theorem 5.
Lemma 11. Let A = (At)t∈T be p2-α-Ho¨lder continuous such that m := supt∈T ‖At‖ < ∞.
Then if c is a isolated spectral gap tip of At0, then the gaps (at, bt) of At closing at c satisfy
(3) bt − at ≤ 2
√
C(4m2+2) d(t, t0)
α/2 .
Proof: In what follows, let Ft be the spectrum of At. Let c ∈ Ft0 be an isolated gap tip.
Namely, according to Definition 6, and since c is isolated, the following assumptions hold
(i) there is δ > 0, such that (c− δ, c+ δ) ⊂ Ft0 ,
(ii) there is a non-empty set U such that t0 ∈ U \ U and for all t ∈ U , the set Ft admits a gap
(at, bt) such that limt→t0 at = c = limt→t0 bt.
By definition, there is an open neighborhood V ⊂ U of t0 in T such that, whenever t ∈ V ∩ U ,
then At admits a spectral gap (at, bt) with at < bt such that max{|at− c|, |bt− c|} < δ. It follows
that c− δ < at < bt < c+ δ. Choosing λ = (at + bt)/2, it follows that λ ∈ Ft0 and the distance
of λ to Ft is exactly (bt − at)/2. Consequently
‖4m2 − (At0 − λ)2‖ = 4m2 , ‖4m2 − (At − λ)2‖ = 4m2 −
(bt − at)2
4
.
Since the polynomial p(z) = 4m2− (z−λ)2 satisfies ‖p‖1 ≤ 4m2 +2 (see the proof of Lemma 7),
it follows that
(bt − at)2 ≤ 4C(4m2+2) d(t, t0)α , t ∈ V.
2
The gap closing condition is observed in many models. First, in the Almost-Mathieu model
Ht (see eq. 1), the spectrum is a finite union of intervals when t ∈ Q, since this is a periodic
Hamiltonian. So any gap tip is isolated. It has been proved that the gap predicted by the gap
labeling Theorem [7] at the spectral parameter c = 0 for t = p/2q is always closed, namely it
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Figure 1. Example of a slow closing gap
is actually a gap tip [3]. Since it is p2-Lipschitz thanks to [9], the gap width can be at most
1/2-Ho¨lder. A semi-classical calculation [26] validates this prediction.
Another situation where gaps are closing is provided by a small perturbation of the Laplacian
on Z. Namely, for λ ≥ 0 let Hλ be defined on `2(Z) by
Hλψ(n) = ψ(n+ 1) + ψ(n− 1) + λV (n)ψ(n) ,
where V (n) takes on finitely many values. For λ = 0 the spectrum of Hλ is the interval [−2,+2].
The prediction provided by the Gap Labeling Theorem [7, 8], shows that for certain potentials
V , gaps may open as λ increases from λ = 0. Explicit calculations made on several examples,
such as the Fibonacci sequence [28, 12], Thue-Morse sequence [4], the period doubling sequence
[5], validate that the gap width is at most O(λ1/2).
If the condition that c is isolated is relaxed, the following example (see Fig. 1) shows that the
closing of gaps cannot be bounded in general.
Example 1 (A counter example). Let (an, bn)n∈N be a double sequence of real numbers such
that 0 < an < bn < an+1 < c and supn∈N an = c (see Fig. 1). Let F0 = [0,m] with m > c. Then
the sequence (Fn)n∈N of closed subsets of F0 is defined inductively by Fn+1 = Fn \ (an+1, bn+1).
Then Fn can be seen as the spectrum of a self-adjoint, bounded operator An. Clearly Fn
converges in the Vietoris and the Fell topologies to F∞ =
⋂
n∈N Fn and c is a gap tip of F∞.
Here 0 ≤ An ≤ m for all n. If p is a polynomial of degree two with real coefficients, then p(An)
admits pˆ(Fn) as its spectrum. Moreover, p(z) can be written as r + q(z − h)2 where h denotes
its critical point. Depending on the sign of the coefficients q, r, the maximum can be (i) either
p(0), (ii) p(m), (iii) r, if h ∈ F∞, (iv) p(al), or p(bl), whenever al < h < bl and n ≥ l. Hence
‖p(An)‖ is eventually constant as n→∞. It follows that if T = N ∪ {∞} is endowed with any
metric such that d(n,∞)→ 0 as n→∞, the field A is p2-α-Ho¨lder for any α > 0. Let us now
consider the case where |bn+1 − an+1| < |bn − an| for all n and let the ultrametric d defined on
N ∪ {∞} as
d(n,m) = d(m,n) = e−κ
m
, if m < n ,
14 SIEGFRIED BECKUS, JEAN BELLISSARD
and d(n, n) = 0. Note that κ > 1 is implicitly required to guarantee that d(n,∞)→ 0 if n→∞.
Then dH(Fn, F∞) = |bn+1 − an+1|/2. Let the sequences (an), (bn) be chosen such that there is
C > 0 such that
|bn+1 − an+1| = 2dH(Fn, F∞) = Cd(n,∞)α/2
It follows that |bn − an| = Ce−(α/2)κn−1 = Cd(n,∞)α/(2κ). Hence the gap width is Ho¨lder in n
but with an exponent α/(2κ) < α/2. 2
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